Abstract. We compute the Weierstrass semigroup at one totally ramified place for Kummer extensions defined by y m = f (x) λ where f (x) is a separable polynomial over F q . In addition,
Introduction
Using tools from algebraic geometry, Goppa [8] constructed error-correcting linear codes that are nowadays known as algebraic geometric (or AG) codes. Let X be a non-singular, projective, geometrically irreducible, algebraic curve of genus g over a finite field F q . Let D and G be divisors on X such that D is the sum of n distinct rational points on X that are not in the support of G; say, P 1 , . . . , P n . There are two classical ways of constructing AG codes using D and G. One depends on the Riemann-Roch space L(G),
and the other one is based on the space of differentials Ω(G − D) on X , C Ω := C Ω (X , D, G) = {(res P 1 (η), . . . , res Pn (η)) | η ∈ Ω(G − D)} ⊆ F n q .
It turns out that C L and C Ω are dual codes.
We denote by d L and d Ω the minimum distance of C L and C Ω , respectively. It is well known that d L ≥ n−deg G and d Ω ≥ deg G−(2g −2) where deg G is the degree of G. These bounds have been improved when G is a one-point divisor supported on a rational point P ; see [9] . In [5, 6] Garcia, Kim and Lax observed that these improvements were related to the arithmetical structure of the Weierstrass semigroup at P . More specifically, if β, β + 1, . . . , β + t and γ − (t − 1), . . . , γ − 1, γ are sequences of consecutive gaps at P with t ≥ 1 and β + t ≤ γ, then for G = (β + γ − 1)P we have that d Ω ≥ deg G − (2g − 2) + t + 1. A similar result for two-point codes was obtained by Homma and Kim using the notion of pure gaps that they introduced in [11] ; see Theorem 2.1.
Many authors have investigated the minimum distances of one-and two-point codes over specific
Kummer extensions with the Hermitian function field being the most well-known one. For instance, Maharaj [13] studied one-point codes over subcovers of the Hermitian curve. Homma, Kim and Matthews [11, 14] studied two-point codes and applied their results to the Hermitian curve. In [16] Munuera, Sepúlveda and Torres considered codes over a Castle curve, which is a generalization of the Hermitian curve. Recently, Sepúlveda and Tizziotti [17] studied two-point codes over the F q 2ℓ -maximal curve whose affine plane model is given by y q ℓ +1 = x q + x.
In this paper we study the Weierstrass semigroup in one and two points over Kummer extensions given by y m = f (x) λ where f (x) is a separable polynomial over F q of degree r and gcd(m, rλ) = 1.
Then we apply these results to construct one-and two-point codes over Kummer extensions. Note that we do not specify the polynomial f (x) as many authors do, and so our results are very general.
In particular, for implementation purposes, this gives a great deal of flexibility as the algebraic curve can be carefully chosen in order to improve either the parameters of the code or the code performance.
The organization of the paper is as follows. In Section 2 we present some preliminary results on Kummer extensions. In Section 3 we obtain the Weierstrass semigroup at a totally ramified place using Proposition 2.2 as the main ingredient. In Section 4 we compute the Weierstrass semigroup at two points, P and P ∞ , where P is a totally ramified point in a Kummer extension. We also give conditions to obtain pure gaps. Finally, in Section 5 we use our results to construct one-and two-point codes that have better parameters when compared with the corresponding ones in the MinT's Tables [15] .
Preliminary results
Let F q be a finite field of characteristic p, K be the algebraic closure of F q , and F/K be an algebraic function field in one variable of genus g. We denote by P F the set of places of F and by D F the free abelian group generated by the places of F . An element in D F is called a divisor. By writing a divisor as D = P ∈P F n P P with n P ∈ Z and almost all n P = 0, we have
For P in P F , the Weierstrass semigroup at P is H(P ) = {n ∈ N 0 | (z) ∞ = nP for some z ∈ F } where (z) ∞ is the pole divisor of the function z. A non-negative integer n is called a non-gap at P if n ∈ H(P ), and a gap at P otherwise.
The Weierstrass Gap Theorem asserts that s is a gap at a place P of degree one if and only if ℓ((s − 1)P ) = ℓ(sP ). As a consequence, there exist g gaps at P , say s 1 , . . . , s g , satisfying
We let G(P ) be the set of such g gaps.
Next we extend the notion to that of a non-gap at two distinct rational places P 1 and P 2 in P F .
The Weierstrass semigroup at (P 1 , P 2 ) is the set
Analogously, the set G(P 1 , P 2 ) = N 2 0 \ H(P 1 , P 2 ) is called the Weierstrass gap set at (P 1 , P 2 ). Unlike the one-point case, the cardinality of G(P 1 , P 2 ) depends on the choice of the points P 1 and P 2 ; see [12] . Homma [10] found bounds for the cardinality of G(P 1 , P 2 ) as well as a connection between H(P 1 , P 2 ) and a permutation of the set {1, 2, . . . , g} that we will discuss in Section 4.
An important subset of G(P 1 , P 2 ) is the set of pure gaps. A pair of non-negative integers (s 1 , s 2 ) is said to be a pure gap at (P 1 , P 2 ) if
From [11, Proposition 2.4], we have that (s 1 , s 2 ) is a pure gap at (P 1 , P 2 ) if and only if
We denote by G 0 (P 1 , P 2 ) the set of pure gaps at (P 1 , P 2 ). Pure gaps can be used to improve the bound on the minimum distance of AG codes.
Theorem 2.1 ([11, Theorem 3.3])
. Let P 1 and P 2 be rational points. For t 1 , t 2 ∈ N, suppose that
A Kummer extension is a field extension F/K defined by
. . , α r ∈ K are pairwise distinct and gcd(m, rλ) = 1. Let Q 1 , . . . , Q r denote the places of the rational function field K(x) associated to the zeros α 1 , . . . , α r of f (x), respectively, and let Q ∞ ∈ P K(x) be the only pole of x. Since they are totally ramified in the extension F/K(x), we denote by P i the unique place in P F over Q i for i = 1, . . . , r, ∞. We note that the curve has genus g = (m − 1)(r − 1)/2; see [18, Proposition 3.7.3] .
We build on recent work of Abdón, Borges and Quoos where they obtained an arithmetical criterion for an integer to be a gap number at a totally ramified point P . Below we state their result restricted to the setting in which we are interested here. We will also use a result due to Maharaj [13] to compute G 0 (P 1 , P 2 ) at two rational points of F . In order to do that, we will need another definition. For any field E with K ⊆ E ⊆ F , write
We define the restriction of D to E as
: Q|R R where e(Q|R) is the ramification index of Q over R.
Theorem 2.3 ([13, Theorem 2.2]). Let F/K be a Kummer extension of degree m defined by
denotes the restriction of the divisor D + (y t ) to K(x).
The Weierstrass Semigroup H(P )
In this section we calculate the Weierstrass semigroup H(P ) for a rational place P ∈ P F . Proposition 3.1. Let F/K be a Kummer extension given by
is a separable polynomial of degree r and gcd(m, rλ) = 1. Then we have the following divisors in F :
mP i − rmP ∞ , and
Proof. Items (1) and (2) follow from the definition of the curve, and (3) follows from (1). Since gcd(m, λ) = 1 and we can suppose that 0 < λ < m, there exist a, b ≥ 1 such that am − bλ = 1.
and it follows that
Abdón, Borges and Quoos determined the Weierstrass semigroup at totally ramified places for
Kummer extensions defined by y m = f (x) where f (x) is a separable polynomial [1, Theorem 6.1].
Next we extend their result. 
Proof. We begin with the case P = P ∞ . Let s ∈ N 0 and t ∈ {0, . . . , m − 1} be such that tλ = m − s (mod m). By writing s − 1 = m⌊(s − 1)/m⌋ + i with 0 ≤ i ≤ m − 1, we obtain that Finally, if P is over the place Q ∞ ∈ P K(x) , then by Proposition 3.1 we have that the semigroup m, r is contained in H(P ∞ ). Since m, r has genus (m − 1)(r − 1)/2, which is also the genus of the curve, we conclude that H(P ∞ ) = m, r .
We observe that for a totally ramified place P except for P ∞ , by setting j = 0 and m − 
As a consequence of Theorem 3.2, we are able to generalize this result. We will use a result that allows us to compute the genus of a semigroup generated by consecutive integers. Let t and r be integers such that t ≥ 1 and r ≥ 2. For m = rt+ 1, the Weierstrass semigroup (1) is symmetric exactly when m = r + 1. In fact, by Theorem 3.2, the largest gap occurs when j = r − 2 and i = t − 1. One can check that this gap is equal to 2g − 1 if and only if t = 1. A computer experiment suggests that the only values of m for which (1) holds are the ones described in Theorem 3.4.
4.
The Weierstrass Semigroup H(P 1 , P 2 )
Let P 1 and P 2 be rational points in P F , and β 1 < β 2 < · · · < β g and γ 1 < γ 2 < · · · < γ g be the gap sequences at P 1 and P 2 , respectively. For each i, we let n β i = min{γ ∈ N 0 | (β i , γ) ∈ H(P 1 , P 2 )}.
Then {n β | β ∈ G(P 1 )} = G(P 2 ) by [12, Lemma 2.6]. So there exists a permutation σ of the set {1, 2, . . . , g} such that n β i = γ σ(i) . The graph of the bijective map between G(P 1 ) and G(P 2 ) is the set Γ(
Given Γ(P 1 , P 2 ), we can compute H(P 1 , P 2 ) in the following way. For x = (β 1 , γ 1 ) and y = (β 2 , γ 2 ) ∈ N 2 0 , the least upper bound of x and y is defined as lub(x, y) = (max{β 1 , β 2 }, max{γ 1 , γ 2 }). In [12] it was shown that if x, y ∈ H(P 1 , P 2 ) then lub(x, y) ∈ H(P 1 , P 2 ). Moreover, we have the following result.
Lemma 4.2 ([12, Lemma 2.2])
. Let P 1 and P 2 be two distinct rational points. Then
Next we describe the graph of the bijective map between G(P ∞ ) and G(P ) where P is a totally ramified place.
Theorem 4.3. Let F/K be a Kummer extension defined by
polynomial of degree r with gcd(m, rλ) = 1. For a totally ramified place P , we have that
By Theorem 3.2, we have that Γ ′ ⊆ G(P ∞ ) × G(P ) and the cardinality of Γ ′ is g.
Without loss of generality, we can assume that P = P 1 . Since gcd(m, λ) = 1, there exist integers a and b such that aλ + bm = 1. The divisor of the function z = y
and so we conclude that Γ ′ ⊆ H(P ∞ , P 1 ). By Lemma 4.1, Γ ′ = Γ(P ∞ , P ).
The following result illustrates how we can identify pure gaps at (P ∞ , P ). Proof. For convenience, we suppose P = P 1 . From Theorem 2.3, we have
Since (y) = r i=1 P i − rP ∞ , it follows that
The restriction of this divisor to the rational function field K(x) is
given that ⌊t/m⌋ = 0 for all t = 0, . . . , m − 1. Hence
In a similar way, we have that 
Using the Riemann Theorem and the fact that K(x) has genus zero, ℓ t = 0 if and only if either
As a consequence of Theorem 4.4, we exhibit a family of pure gaps.
Proposition 4.5. Let F/K be a Kummer extension defined by y q ℓ +1 = f (x) where f (x) is a separable polynomial of degree q and q > 3. Then (q ℓ+1 − 2q ℓ − 2, 1) is a pure gap at (P ∞ , P ).
Proof. Let a := q ℓ+1 − 2q ℓ − 2. We start by evaluating (a − qt)/(q ℓ + 1) for t ∈ {0, . . . , q ℓ }. We partition the set {0, . . . , q ℓ − 1} as
Since iq ℓ−1 ≤ t ≤ (i + 1)q ℓ−1 − 1 for some 0 ≤ i ≤ q − 1, it follows that −(i + 1)q ℓ + q ≤ −qt ≤ −iq ℓ and so 0 < (i + 1)(q ℓ + 1) − qt − q < q ℓ + 1. For t = q ℓ , we obtain that a − qt = −2(q ℓ + 1).
Therefore:
On the other hand,
By combining (2) and (3), we get
This sum is greater than or equal to zero if and only if t ∈ q−3 i=0 {iq ℓ−1 , . . . , (i + 1)q ℓ−1 − 1}. In this case, by using a similar argument, we can show that
By Theorem 4.4, we conclude that (q ℓ+1 − 2q ℓ − 2, 1) is a pure gap at (P ∞ , P ).
Examples of Codes in Kummer Extensions
In this section we show that our results can yield examples of AG codes that have the same or better parameters than the corresponding ones in the MinT's Tables [15] .
Example 5.1. The curve y q ℓ +1 = x q + x over F q 2ℓ with ℓ odd has q 2ℓ+1 + 1 rational points and genus g = q ℓ (q − 1)/2. Let P a,b denote the common zero of x − a and y − b where a, b ∈ F q 2ℓ . Let
The divisor of y − b is (y − b) = P a 1 ,b + · · · + P aq,b − qP ∞ where a 1 , . . . , a q are the solutions in F q 2ℓ to
. Consider the divisor D as the sum of all rational points with exception of P ∞ and
is a pure gap at (P ∞ , P 0,0 ). Take G = (2(q ℓ+1 −2q ℓ −2)−1)P ∞ +P 0,0 . By Theorem 2.1, the minimum
, and the dimension of the code is
Hence, the code C Ω has parameters [q 2ℓ+1 − 1, (2q
Consider the differential
Since η ∈ Ω(G − D) and η has q ℓ (q − 3) poles, it follows that d Ω = q ℓ (q − 3). For ℓ = 1, the values q = 5 and q = 7 produce the codes with parameters [124, 107, 10] over F 25 and [342, 296, 28] over F 49 , respectively. The first code attains the best known minimum distance and the second one improves the best known minimum distance.
Example 5.2. Let q be a prime power, n be an even integer, and m be a divisor of q n − 1 such that gcd(m, q n/2 − 1) = 1. In [7, Example 11] Garcia and Quoos considered the curve defined by the affine equation y m = (x q n/2 − x) q n/2 −1 over F q n , and showed that the genus and the number of these examples improve the best known minimum distance. We used Magma [3] in this example to calculate the parameters of the codes. is a maximal curve [2] . In this case, we have that m = q+1 and r = q/2. For a totally ramified place P = P ∞ , an application of Theorem 3.4 gives that H(P ) = q−1, q, q+1 and H(P ∞ ) = q+1, q/2 .
When t = 3, we have the maximal curve y 9 = x 4 + x 2 + x over F 64 with 257 rational points. As H(P ∞ ) = 4, 9 and H(P ) = 7, 8, 9 , we have that G(P ∞ ) = {1, 2, 3, 5, 6, 7, 10, 11, 14, 15, 19, 23}, G(P ) = {1, 2, 3, 4, 5, 6, 10, 11, 12, 13, 19, 20} and Γ(P ∞ , P ) = {(1, 20), (2, 13) , (3, 6) , (5, 19) , (6, 12) , (7, 5) , (10, 11) , (11, 4) , (14, 10) , (15, 3) , (19, 2), (23, 1)}. From Theorem 4.4, we can check that (10, 10) is a pure gap. By using Theorem 2.1 and taking t 1 = t 2 = 0 and (β, γ) = (10, 10), we obtain 
